This new family is ideally suited -perhaps by construction -to recursively constructing a set containing all of its associated primes. The recursively built set most likely contains prime ideals which are not necessarily associated. The elimination of redundancies is not attempted here.
The main tool used below for finding the associated primes of the Mayr-Meyer ideals are various short exact sequences: the associated primes of the middle module is contained in the union of the associated primes of the two other modules. Theorems 2.6 and 2.7 give a set of prime ideals obtained in this way. The total number of possibly embedded primes of K(n, d) found in this paper is 160n − 301 + 16d + n(n − 1) + 31(d Acknowledgement. I thank Craig Huneke for suggesting this problem all for all the conversations and enthusiasm for this research. I also thank the NSF for partial support on grants DMS-0073140 and DMS-9970566. Furthermore, I am indebted to the symbolic computer algebra packages Macaulay2 and Singular for verifications of the proofs below for low values of n and d.
The following summarizes the elementary facts about primary decompositions used in this paper (as well as in [S1, S2, S3] 0.4: Let x 1 , . . . , x n be variables over a ring R. Let S = R[x 1 , . . . , x n ]. For any f 1 ∈ R, f 2 ∈ R[x 1 ], . . ., f n ∈ R[x 1 , . . . , x n−1 ], let L be the ideal (x 1 − f 1 , . . . , x n − f n )S in S.
Then an ideal I in R is primary (respectively, prime) if and only if IS+L is a primary (respectively, prime) in S. Furthermore, ∩ i q i = I is a primary decomposition of I if and only if ∩ i (q i S + L) is a primary decomposition of IS + L. 
The family, and its doubly exponential membership property
We will define a new two-parameter family of ideals, and prove that this family satisfies the doubly exponential ideal membership property. The doubly exponential ideal membership property was first addressed in Hermann's paper [H] : if I is an ideal in an n-dimensional polynomial ring over the field of rational numbers, and I is generated by polynomials f 1 , . . . , f k of degree at most d, then it is possible to write f = r i f i such that each r i has degree at most deg f + (kd) (2 n ) . Thus Hermann proved that every ideal there satisfies a doubly exponential ideal membership property. Fortunately for computational purposes, most (known) ideals satisfy an ideal membership property of much smaller complexity. It was not until 1982 that an ideal with a doubly exponential ideal membership property was indeed found by Mayr and Meyer (see [MM] ). Further analyses and modifications were obtained by Bayer and Stillman [BS] , Demazure [D] , and Koh [K] .
Here are the definitions of the new family: let n, d ≥ 2 be integers, and k a field. Let
Thus R is a polynomial ring of dimension 10n − 6. The ideal K l (n, d) in R ("l" for long, a shortened version appearing later) is generated by the following generators:
generators having degrees at most 2d + 1. In particular,
can be written as a linear combination of the generators of the Mayr-Meyer ideal whose coefficients have degrees at most 2d+1+max{n, deg a ri , deg a 1ij } ≤ 2d+1+max{n, N (n, d)(n− 1 + d)}. By the work of Mayr and Meyer, this maximum is in fact doubly exponential in n, so that also N (n, d) is doubly exponential in n.
The associated primes of this family
Bayer, Huneke and Stillman asked whether the doubly exponential behavior of the Mayr-Meyer ideals is reflected in some way in their associated primes. The same question can be applied also to the family of ideals K l (n, d) defined in this paper.
As far as the primary decomposition of K l (n, d) is concerned, by Fact 0.4 it suffices to find a primary decomposition of K(n, d), and then add some variables to the primary components. The same holds for the associated primes of K l (n, d). As K(n, d) is notationally simpler and more relevant than K l (n, d) (for these purposes), in the sequel we only work with K(n, d).
For simplicity of notation we will assume in this section that k is an algebraically closed field whose characteristic is relatively prime to d. Sometimes we will write the ideal
. . , n − 1; r = 0, . . . , n; i = 1, . . . , 4), to emphasize the defining variables. Let M be the ideal generated by all the level 0 and level 1 generators of K(n, d), let N denote the subideal generated by all the level two generators g 2j , and let L denote the subideal of K(n, d) generated by all the g rj with r ≥ 3. Thus
These new ideals M, N and L will sometimes be specified with the variables and degrees (n, d; c r ′ i , b ri |r ′ = 1, . . . , n − 1; r = 0, . . . , n; i = 1, . . . , 4) attached to them.
Then define M 1 , N 1 and L 1 as the corresponding level ideals of
We will prove that finding the set of associated primes of K(n, d) reduces to finding the set of associated primes of (c 11 , c 12 , c 13 , c 14 ,
2 ), and by Fact 0.4, this reduces to finding the set of associated primes of
Thus the associated prime ideals of K(n, d) follow a recursion pattern.
For notational purposes we also define the following ideals in R:
C r = (c r1 , c r2 , c r3 , c r4 ), r = 1, . . . , n − 1.
We now start the analysis of the associated primes of K(n, d). The main tool is Fact 0.5.
By Fact 0.5, Ass
Thus the associated primes of
where Λ varies over all the subsets of {1, 2, 3, 4}, and C 1 + (b 03 , b 04 ). However, the latter prime ideal is not associated to
is not associated for the same reason. On the other hand, Q 1Λ is associated to K(n, d) when Λ = ∅ as it is minimal over it. Thus Proposition 2.1: The set of associated primes of
, as Λ ′ varies over non-empty subsets of {1, 2, 3, 4}.
To get at the remaining associated primes of K(n, d), one needs to calculate K(n, d) : 
whose associated prime ideals are
Note that Q 2 is minimal over K(n, d) and it is straightforward to verify that Q 3 is associated to K(n, d). Hence
, where 
When n = 2, this ideal is much simpler than when n > 2. We first analyze the cases n ≥ 3. By Fact 0.5, the set of associated primes of V is contained in Ass 
As the second component contains the first one, the second one is redundant. By decomposing the remaining two components of V ′ , V ′ further decomposes as:
Thus V
′ is the intersection of the four ideals above. Let the ith ideal be V i . The ideal V 1 decomposes into primary ideals as follows:
V 2 is a prime ideal, V 3 decomposes as
which are all primary ideals. The last primary factor of V 3 properly contains V 2 and is thus redundant in a primary decomposition of V ′ . Finally, 
where Λ varies over all subsets of {1, 2, 3, 4} and Λ ′ varies over all the non-empty subsets of {1, 2, 3, 4}. By Proposition 2.2 it follows that Proposition 2.3: Whenever n ≥ 3,
⊆ {Q iΛ , Q j , Q kΛ ′ |i = 4, 6, 10; j = 2, 3, 5; k = 1, 7, 9}
, where α varies over the dth roots of unity and Λ over all the subsets of {1, 2, 3, 4} and Λ ′ varies over all the non-empty subsets of {1, 2, 3, 4}.
Next,
The idealV in the last two rows, before coloning with b 
and for Λ = ∅ it equals to and (partially) decomposes as
The last component in the last display above decomposes as:
Thus from the combined decomposition above ofV ,V : b 
Let B denote the first of the two components above. The second component further decomposes (coloning and adding b 04 ):
Let these two ideals be C and D, in that order. By Fact 0.5 and Proposition 2.3:
⊆ {Q irΛ , Q jr , Q krΛ ′ , Q 8Λα |i = 5, 6, 10; j = 2, 3, 5; k = 1, 7, 9}
where α varies over all the dth roots of unity in K and Λ, Λ ′ over all the subsets of {1, 2, 3, 4}
, so the induction on n gives all of its associated primes. It remains to compute the associated primes of the other three ideals, namely of A, B and C. For each one of these ideals U (U varying over A, B and C), by Fact 0.5,
Modulo the other generators of U , L 1 + N 1 is contained in (b 
The contribution of A and B to the possible associated primes of K(n, d) are as follows:
The associated primes obtained from C are not so easily read off, so we need to first decompose C + (b 
where Λ varies over all and Λ ′ over all non-empty subsets of {1, 2, 3, 4}. This establishes Proposition 2.5: For n ≥ 3, 4, 6, 10, 11, 12, 13, 14 ; j = 2, 3, 5; k = 1, 7, 9}
where α varies over all the dth roots of unity in K, α ′ varies over all the d 2 roots of unity in K which are not dth roots of unity, Λ varies over all the subsets of {1, 2, 3, 4}, and Λ ′ varies over all the non-empty subsets of {1, 2, 3, 4}.
Finally we analyze the three U : b (where U = A, B, C, and n ≥ 3). For notational purposes we also define the following ideals in R: 
Thus we have proved:
Theorem 2.6: For n ≥ 3,
⊆ {Q iΛ , Q j , Q kΛ ′ |i = 4, 6, 10, 11, 12, 13, 14; j = 2, 3, 5; k = 1, 7, 9}
